In this paper we discuss the problems about constructing dual and inverse operator for a loaded first order differential equation of a special form with general boundary conditions. We construct an explicit form of the Green function in the class of continuous functions with the first order derivatives. We establish all posed problems, which are already in general boundary conditions, for the loaded first order differential operator. Closure of the general solution in the norm of square-integrable functions is showed. Completely continuity and boundedness of the inverse operator is proved.
Introduction
The dual problem for the multiple differentiation operator with integral perturbation in one of the periodic boundary conditions is a loaded second order differential equation (see , eg, [6] , [5] , [9] ). The eigenvalue problem of a homogeneous Gourse problem for the loaded model hyperbolic equation was studied in [7] . During the study two-dimensional two-phase Stefan problem in a wedgeshaped two-layer medium, the Green's function of model coupling problem for the heat equation with discontinuous coefficients is constructed [1] .
In this paper we consider the following loaded first order differential operator: Lu = u (x) + q(x)u(0) = f (x), x ∈ (0, 1),
with the domain D(L) = u(x) ∈ C 1 (0, 1) : u(0) = αu(1) ,
where α− any number, q(x)− an arbitrary complex-valued function from the space of square-integrable functions L 2 (0, 1),z−complex conjugate value of z. The construction of the dual and the corresponding inverse operator for the problem (1) -(2) in the case when q(x) ≡ const, has found their reflection in [11] , and the problem with the load at the endpoints of the segment -in [3] . In contrast to these papers we consider the case when q(x) = cos2πx.
Main Results
We have the following Theorem 2.1 Let q(x) = cos2πx and α = 1. Then dual operator L * of the operator L can be represented as
and corresponding inverse operator has the form:
where
is Green's function, and all posed problems, which are already in (1)-(2), are established.
Proof. Supposing u(0)− some independent constant, i.e. contains the value of the unknown function at the origin, according to the Lagrange formula, and after applying the operation of integration by parts, we have
Due to the boundary condition (2), we get
Assuming, u(1) = 0, we get (1)*-(2)*. Thus, L * v is a dual operator concerning to the basic operator L.
Note that in [8] all posed problems, which are in (1)- (2), has been considered. Taking integral from the both side of the equation (1) from 0 till x, we have
Calculate value u(x) as x = 1:
Coefficient determinant of the boundary condition (2) and relation (5):
i.e. equation (1) has a nontrivial solution. Substituting solution of the system of equations (2) and (5) into (4), we can find the general solution of the equation (1) as follows:
Denoting continuous kernel of the solution (6) by G(x, t, α), we receive (3). Consequently, in the space of continuously differentiable functions with the first order derivatives C 1 (0, 1), we found an inverse operator u = L −1 f , having the integral representation (6) . Theorem is proved.
Remark. If the integral representation (6) is closed by the norm L 2 (0, 1), then the inverse function L −1 becomes completely continuous in the space of square-integrable functions with the first generalized derivatives W 
where ∆ = α − 1 = 0. It follows boundedness of the inverse operator L −1 , since the kernel G(x, t, α) is bounded, i.e. estimated until const.
From the point of view of the spectral problem, if there is an operator
∈ ρ(L). Now we turn to study eigenvalue problem of the operator L :
Along with problems about conjugation and reversibility for the loaded differential operator, the research basis of root vectors of the loaded multiple differentiation operator with periodic boundary conditions were considered in [9] .
We have the following − is a corresponding eigenfunction, where C− an arbitrary constant.
2) If α = 1, α − ∀, λ = 0, then λ is not eigenvalue of the operator L, λ is a regular point of L, 0 ∈ ρ(L), and there is an inverse operator L −1 . Consider the case, when α = 1, λ = 0. Multiplying both side of the equation (1 a ) by e −λx , and using the product rule of derivative, we get
Multiplying both side of the last equality by e λx , we have
Subjecting the boundary condition (2) of the equation (1 a ), we receive:
i.e.
Twice integrating by parts the integral expression of the last equation, we get
Let C− be an arbitrary constant. Then the equality (8) holds when 1 − e λ + λ(1−e −λ )
Equating expression in the first bracket to zero, i.e. e λ = 1, e λ = e 2ikπ , we find λ Putting the values λ
(1) k into the general solution (7), and making some simple calculations, we obtain corresponding eigenfunctions:
. (9) Now we consider the expression in the second bracket:
Note that
Note that λ = iβ − purely imaginary, does not satisfy the relations (10), (11) . Analogously, when λ = γ − a real, is not root of the equations (10), (11) .
is a entire analytic function by λ. This fact leads to the inapplicability of Rouche's theorem (see, eg., [10] ), i.e. highlight the main part is not possible. Resorting to the results of the approximate solution of equation (11), we have that the value λ is: λ (2) ≈ 0, 3518330926 + i · 6, 275898333. This solution asymptotically satisfies equation (10), i.e. 1 ≈ 0, 999999998.... Substituting λ (2) into (7), we obtain the explicit form of the function u(x) in the following form:
Thus, we have found approximate eigenfunction u (2) (x), corresponding to approximate eigenvalue λ (2) of L. Hence, we proves the following Theorem 2.2 Let α = 1, λ = 0, λ = ±2πi. Then the operator L has two series of eigenvalues
and corresponding two series of eigenfunctions have the form (9) and (12).
Let's check the validity of our calculations. Are λ = 2πi and λ = −2πi eigenvalues of the operator L? 1) λ = 2πi.
So, λ 1 = 2πi is a single eigenvalue of L, and
where C = 0− constant, corresponding to the eigenfuction.
2) λ = −2πi.
i.e. λ 2 = −2πi is also a single eigenvalue of L, and
where arbitrary C = 0 − corresponding to the eigenfunction. Thus, λ 1 and λ 2 are complex conjugate, i.e. λ 1 = λ 2 , λ 2 = λ 1 . Let in (8) constant C = 0. Then, u(x) = 0 is trivial. In this case there are no eigenvalues of the operator, i.e. λ is not eigenvalue, i.e. λ ∈ ρ(L).
We formulate these facts as the following statements: Lemma 2.4 If α = 1, λ = ±2πi, then ±2πi are eigenvalues, and u 1,2 = C(cos 2πx ± i sin 2πx), where C = 0, are eigenfunctions of the operator L.
Lemma 2.5 Let α = 1, C = 0, then u(x) = 0. In this case {λ} are regular points, λ ∈ ρ(L), i.e. problem (1 a ), (2) is Voltaire. Consider the case when α > 1, λ = 0. According to the above algorithm, we obtain:
Then, if λ = ±2πi we get transcendent equation , it follows their irregular arrangement in the complex plane λ.
Consequently, a family of spectral parameter {λ} has been found depending on α >> 1. Thus, when α = 2, λ ≈ −0, 6624402157..., and the corresponding eigenfunction has the form: AS α → ∞, u(0) = ∞ · u(1), then λ ≈ −1, 706413100... ∈ ρ(L) is not eigenvalue of the operator L.
In the case when C = 0, α > 1, λ = ±2πi, validity of the lemmas 4 and 5 are trivial [see, eg., 3]. Spectral problems of the third-order differential operator on the interval with nonlocal boundary conditions in the space L 2 (0, 1) are studied in [4] .
